The authors examine the stability properties of a class of nonlinear controls derived via feedback linearization techniques for a structurally nonlinear prototypical 2-D wing section. In the case in which the wing section has a single trailing edge control surface, the stability of partial feedback linearization to achieve plunge primary control is studied. It is shown for this case that the zero dynamics associated with the closedloop system response are locally asymptotically stable for a range of ow speeds and elastic axis locations. However, there exist locations of the elastic axis and speeds of the subsonic incompressible ow for which this simple feedback strategy exhibits a wide range of bifurcation phenomena. Both Hopf and pitchfork bifurcations evolve parametrically in terms of the ow speed and elastic axis location. In the case in which the wing section has two control surfaces, the global stability of adaptive control techniques derived from full feedback linearization is studied. In comparison to partial or full feedback linearization techniques, the adaptive control strategies presented do not require explicit knowledge of the form of the structural nonlinearity.
Nomenclature a =nondimensionalized distance from the midchord to the elastic axis b =semichord of the wing c l ; c m =lift and moment coe cients perangle of attack c l ; c m =lift and moment coe cients per control surface de ection c y =structural damping coe cient in plunge due to viscous damping c =structural damping coe cient in pitch due to viscous damping h =plunge displacement I =mass moment of inertia of the wing about the elastic axis k =structural spring constant in pitch k h =structural spring constant in plunge L =aerodynamic lift M =aerodynamic moment m =mass U =freestream velocity x =nondimensionalized distance measured from the elastic axis to the center of mass =pitch angle ; 1 ; 2 = ap de ection =density of air 1 
Introduction
While the underlying physics of aeroelastic phenomena have been studied for decades, some researchers in the past few years have placed particular emphasis on the role of nonlinearity in aeroelastic instabilities. For the most part, these studies have focussed on the qualitative nonlinear behavior of open-loop or uncontrolled aeroelastic systems. Notable examples of research that are representatives of this class include the work of Tang and Dowell 1, 2 , who examine freeplay nonlinearities in prototypical sections, and the study of nonlinear panel utter models by Dowell 3 . Some research does examine adaptive control of nonlinear utter models, as in Pak, et al. 4 and Friedmann, et al. 5 . Still, it is clear that there currently is a lack of knowledge of stability analyses for the closed-loop dynamics of nonlinear aeroelastic systems. This paper continues the discussion of the approach described in Ko, et al. 6 wherein partial and full feedback linearization of a simple class of nonlinear aeroelastic systems is studied. In contrast to Ko, et al. 6 , where the focus was to employ Lie algebraic methods to derive feedback controllers, this paper studies the parametric stability and bifurcation structure of the resulting closed-loop dynamical systems. One primary conclusion of this paper is that plunge primary control, derived via partial feedback linearization techniques, exhibits a wide range of bifurcation phenomena for di erent ow regimes and elastic axis locations. A second conclusion of the paper is that adaptive control methods based on full feedback linearization techniques exhibit global stability.
Equations of motion
Following the strategy employed in Ko, et al. 6 , we seek to employ the most simple representation of the aeroelastic system as possible, while retaining su cient terms to account for the well-documented nonlinear response observed in low speed wind tunnel experiments see O'Neil, et al. 7 . Hence, the governing equations of motion for the aeroelastic system under consideration see where h represents plunge motion and is pitch angle. In the above equations m is the mass of the wing and I is the mass moment o f inertia about the elastic axis. The location of the elastic axis may bevaried in the experimental structure we are modeling, and x is the nondimensionalized distance with respect to the semichord, b between the elastic axis and center of mass. The spring constant k h is associated with the plunging motion and k is the nonlinear spring sti ness associated with the pitching motion. Viscous damping coe cients for plunge and pitch motion are represented by c h and c , respectively. In this paper, as a special class of nonlinear sti ness, we assume that the spring force, k , is where is the density of air, U is the free stream velocity, c l and c m are lift and moment coe cients per angle of attack, c l and c m are lift and moment coe cients per control surface de ection, and a is the nondimensional distance from the midchord to the elastic axis. Although the quasi-steady aerodynamic model adopted in this paper is relatively simple, we emphasize that the main objective of the theoretical development in this paper is to analyze the closed-loop system characteristics via feedback linearization continuing our analysis in Ko, et al. 6 . Furthermore, the reduced frequency associated with the experiments that complement this e ort validates our use of the quasi-steady model. We will also study prototypical wing sections with two control surfaces in this paper. We consider the case in which both control surfaces are located on the trailing edge as depicted in Fig. 2 . For this case, we assume that the ratio of control surface separation to span is large, and limit considerations to small angle of attack and control surface de ections. For two control surfaces along the trailing edge, the aerodynamic loads are represented as follows: It is important to note that the sole source of nonlinearity in these equations arises from the polynomial nonlinearity k . In addition, Eqs. 6 are nearly identical in form to the equations of motion for a wing section with leading edge and trailing edge control surfaces see Lazarus, et al. 9 . Thus, the stability analysis that follows applies to the leading trailing edge con guration with little modi cation.
3 Stability analysis of plunge primary control
Among the numerous methodologies for the control of nonlinear systems 10 , it has been shown in Ko, et al. 6 that partial feedback linearization 10, 11 techniques may be employed for the case of a single trailing edge control surface. If the nonlinear partial feedback linearization is constructed so as to explicitly control the pitch degree-of-freedom, the zero dynamics of the closed-loop system are linear as shown in Ko, et al. 6 . In this case, a fairly complete understanding of the stability regions for the controller as a function of elastic axis location, a, and ow speed, U, m a y be derived. On the other hand, if a nonlinear partial feedback linearization technique is employed to explicitly control the plunge degree-of-freedom, the question of closed-loop stability is considerably more di cult. For the subsequent derivation, it is necessary to express the equations of motion Eqs. For the sake of brevity, a set of new variables is introduced and tabulated in Table 1 .
The plunge primary control derived in Ko, et al In the above equations, the number 0.0873 arises from substituting x see Table 2 . Equation 17 suggests that the parametric dependence of the equations governing the zero dynamics will yield a rich bifurcation structure. For example, we observe that Eq. 17 represents a family of ordinary di erential equations that includes well known special cases such as Du ng's equation
which has been used to motivate discussions of aeroelastic utter in Zhao and Yang 12 .
To simplify our analysis of the second order oscillator in Eq. 17, we assume that the polynomial nonlinearity k has the form
Or, equivalently, the nonlinear torsional sti ness has the form
While higher-order, and quadratic, terms have been studied by several researchers 7, 1 3 , 14, 15 , Fig. 3 shows that this choice yields a reasonable representation of the spring sti ness. By inspection of Eq. 17, the above assumption implies that To address the local stability o f each equilibrium point, the Jacobian matrices evaluated at each of the equilibrium points are obtained as We immediately note that, if B 0 0, the two xed points are stable and, if B 0 0, the xed points are unstable. In Fig. 5 , the region IV is where B 0 0 and the two xed points are unstable in that region. The function satis es B 0 0 in the region III , and thus the two new equilibrium points are stable. When the two new xed points are stable, the trajectory of the system is attracted to either one of the two points depending on the initial conditions. The stable and unstable manifolds for this case may be found in Ko, et al. 6 , and analogous results for Du ng's Equation have been examined by others for example, see Dowell and Pezeshki 18 .
Center manifold analysis
It is well known in nonlinear dynamics that when the Jacobian matrix of a xed point has nonhyperbolic or zero eigenvalues, careful analysis is required to analyze the local stability o f the xed point. In our current derivation, it is obvious that when B 1 = 0, the Jacobian will have a zero eigenvalue. A standard methodology to analyze a system of this characteristic is to use center manifold analysis 19, 20 .
Consider a path in parameter space along the contour connecting P and Q in Fig. 6 . Along this path we have In other words, the invertibility o f the control in uence matrix B guarantees that we may transform the nonlinear equation into an equivalent linear system, and obtain a globally stable closed-loop system using any reasonable linear control design method. Based on the results by Ko, et al. 6 , an adaptive control method may bederived for the case when we do not exactly know the expansion coe cients for the nonlinear sti ness in pitch.
For simplicity, w e rewrite Eq. The reader should note that the nonlinear sti ness terms associated with the pitch angle, , have been isolated in the term Wx q. Also, the sti ness and damping terms are divided into constant terms and terms dependent on the ow velocity.
We assume that the coe cients q of the polynomial nonlinearity are unknown. We m a y derive an adaptive controller for this system that is stable, where estimatesqt of qt evolve simultaneously with solution of the governing equations Eq. 38. Since we derive a control law based on the Lyapunov stability theory 10, 2 1 , let us assume the following form of the Lyapunov function We conclude that _ V is negative semi-de nite since it does not have any terms dependent on x and q. Although the semi-de niteness generally does not guarantee the asymptotic convergence of trajectories to the equilibrium points, we may use the invariant set theorem by La Salle 21 to prove that the closed-loop system is attracted to a small set". By using Theorem 4.1, we conclude that the system trajectories converge to the equilibrium point of the system. However, we do not necessarily have the convergence of the estimation of the unknown parameters to the real values.
To validate this derived adaptive control methodology, numerical experiments are performed based on the experimental model of Texas A&M University 14, 1 5 , 2 2 . The physical parameters used in these numerical simulations are tabulated in 4 47
For the initial conditions, h = 0 :01m and = 0 :1rad, and ow v elocity, U = 2 0 m=s, the uncontrolled response of the aeroelastic system is shown in Fig. 7 for elastic axis location, a = ,0:6. Clearly the response exhibits limit cycle oscillations as noted by several authors 6, 7, 13 . With the controller derived in this section, the closed-loop system response is shown in Fig. 8 . The following matrices are used in deriving the controller K a = I 2 ; = I 5 ; C a = 0 :03 I 2 where I n implies a nn identity matrix. Observe that the response converges to the origin very quickly despite that the initial conditions of the unknown sti ness coe cients are chosen asq
The corresponding history of control inputs are shown in Fig. 9 . For brevity, the response of the parameter estimation is not shown. However, it should be emphasized that the above derived adaptive law does not require the convergence of the parameters to exact values. Careful inspection of the results in Figures 8-9 illustrate that while the stability guarantees in Theorem 4.1 are reassuring, they still leave many issues unresolved. For example, in Figure 9 we see that the second control surface must de ect through .6 radians in 1 4 seconds to e ect the control in this validation study. Obviously, saturation would result in real scenarios. Thus, while the derived control methods stabilize a class of polynomial nonlinear plants, other common sources of nonlinearity including saturation and hysteresis are not addressed. These topics should be addressed in further research.
Conclusion
The authors have shown that a class of nonlinear feedback control methods derived from partial feedback linearization techniques are locally asymptotically stable for some ow regimes and elastic axis locations. However, a wide variety of bifurcation structures, including Andropov-Hopf bifurcations, are evident in the closed-loop system dynamics for some choices of ow speed and elastic axis locations. For systems having two control surfaces, it is also shown that stable adaptive control methods may bederived. The stability analysis in this case relies on a semi-de nitive Lyapunov function. The class of adaptive methods is attractive in that they do not require explicit knowledge of the structure of the inherent pitch-axis nonlinearity. 
